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ABSTRACT

The solution of a problem of propagation of the
standing spherical electromagnetic waves in space,
free from sources, in case of isotropic medium on as-
sumption of rotational symmetry, is offered by exact
solution of the Maxwell uniform equations in a
spherical coordinate system. Analytical expressions
for components of fields of the standing symmetric
spherical E- and H-waves and equations of lines of
force for different modes are obtained. The graphic
pictures of lines of force, which reflect the structures
of fields of the standing spherical E- and H-waves,
are represented. The cavity resonators, formed by
conducting spheres that envelop a cavity of the reso-
nator in absence or in presence at the centre of reso-
nator "core", are considered. The own values and
resonators own functions that allow to determine sets
of their resonant frequencies and appropriate struc-
tures of fields are found.

Keywords: standing el ectromagnetic waves, spherical co-
ordinates, isotropic medium, cavity resonators, convergence
in point, divergence from point.

1. INTRODUCTION

The interest to the models spherica electromagnetic
waves arises in the theory of radio propagation, in the analy-
sis of UHF spherica resonators, in optics, in problems of
laser initiation of reaction of thermonuclear synthesis and etc.
Within the work — Ref.1, submitted by the authors early, the
problem of propagation of a spherical electromagnetic wave
in space, free from sources is considered in new statement for
case of an isotropic medium and in the supposition of arota-
tiona symmetry. Thus as initial expressions the uniform
equations of the Maxwell concerning components of vectors
of strengths of electrical and magnetic fields noted in spheri-
cal coordinates are used. As a result the detailed analytical
expressions based on a strict solution of a system of initia
equations, for all fields components of travelling spherical E-
and H-waves are obtained. Thus, the described in work —
Ref.1 approach to a solution of the this problem alows di-
rectly, without use of Hertz's vector, accepted in an electro-
dynamics, to obtain analytica expressions that define by
themselves the new base, in the mathematical plan, of spheri-
cal functions that reflect electromagnetic waves propagating
to the centre and from the centre of spherical coordinates.

The aim of present work is, at first, consideration of the
problem of propagation of standing spherical electromagnetic
wave in space, free from sources is presented for case of an
isotropic medium and in the supposition of a rotational sym-
metry. The converging and diverging spherical waves were
considered - Ref.1 as independent, now they are represented
transformation by one in another at transiting through the
centre or at reflection from ideally conducting "core" which
is situated at the centre and aspire into point. Both these
situations create in each of two cases for E and H-waves two
different systems of spherical functions already in the form of
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standing waves. The analytical expressions, defining
components standing spherical E- and H-waves, and
aso equations

of lines of force for different types of oscillations are
obtained at presence of "core" at the centre and without
it. The numerica solution of these equations has al-
lowed to calculate and to present graphically pictures of
lines of force, defining structures, appropriate to them,
of fields of standing spherical E- and H-waves. Sec-
ondly, the authors state a task to define own values and
own functions for the cavity resonators formed by con-
ducting spheres that envelop a cavity of the resonator in
absence or in presence at the centre "core". Solution of
this task alows to determine sets of the resonant fre-
quencies.

2. STANDING SPHERICAL ELECTROMAGNETIC
WAVES

Originaly, we consider connection between ampli-
tudes of converging and diverging spherica electro-
magnetic waves, which are independent of radial and
angular coordinates, at presence of "core", that is situ-
ated at the centre and aspires into point. For this pur-
pose we present the "core" as a conducting sphere of
finite value of radius r, . On a surface of sphere the
Leontovich's boundary condition should be fulfilled at
r =1, for E-wave:

E; +E, =0 1)
and accordingly for H-wave:
E; +E; =0. 2

As a result of substitution of the appropriate fields
components of E- and H-waves in a condition of Leon-
tovich, when radius of sphere 7, is aspiring to zero, the
expressions (1) and (2) for odd values n (n character-
ises number of lobes of the angular diagram of ampli-
tude distribution of spherical waves on a latitude —
Ref.1) assume the form:

E) =E, = E,, ©)
0+ _ 0- — 0
HY =HY =HY, @
where Ey and Hy - general conditional labels for E-

mode and H-mode accordingly.
For even values n we have:

0+ _ - _ 0
E¢ - _E¢ - E¢ Il (5)

0+ _ - _ 140
H¢ —_H¢ —H¢ (6)
Let's note, that in a case, when at the centre of a
considered coordinate system there is no "core", the

conditions of connection between independent ampli-
tudes for even and odd »n values vary on the conditions
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opposite in sign, in comparison with a case at presence of
"core". It follows from a condition of preservation of a direc-
tion of a vector of polarisation vector for converging and
diverging spherical waves.

Further, according to the obtained conditions we present
fields components of standing rEnffical E- and H-waves in
cases of presence and absence of "core" for different values
n.

1) Thereis"core’, n=1:
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LH'r analyrHbHiaviour of amElitudH# of E- and H-
waves at the centre. In the first case (at presence of
"core") the fields amElitudH of rEnHical E- and H-
waves accept finite values at the centre. In the second
case ("core" is absent) the singularity as aspiring of
amplitudes of oscillating fields to infinity is formed.

3. STRUCTURA OF STANDING SPHERICAL
ELECTROMAGNETIC WAVES FIELDS

The pictures of lines of force of electrica and mag-
netic fields for different modes (for cases of presence
and absence of "core" at the centre) are especially in-
teresting. The general form the equation of electrica
lines of force in a spherical coordinate system looks
like:

dr :ﬂ _ rSin6 d¢ 25)
E E, E,

and, accordingly, equation of magnetic lines of force:

ﬁ_@_r&n@d(ﬁ (26)
We obtain individual equations of lines of force ac-
cording to presented expressions for the appropriate
fields comEonFhtr, for FkamEl1H for E-mode at different
values n .
1) TE-mode, thereis"core", n =1.
In this case, equation (26) assume the form:
Hedr:rH,,de . (27)
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As aresult of substitution of the expressions (8), (9) for com-
ponents £, and E 4 into equation (27) we obtain ordinary
differential equation of the first order with dividing variables.
The solving of integral of left and right parts of equation with
help of program "Mathematics 5.0" gives us general solution
of this differential equation. After not complicated transfor-
mations we obtain the equation of magnetic lines of force for

n=1:
r ll’l(Cl”) ) *
Hal(cr)————= Fin" 6 =H , (28)
cr
where " - constant of integration defining a set of lines of
force.

Equation of magnetic lines of forcefor n =2
|3crHal (cr) + ((cr)? - 3)rin(cr)|

(cr)’?

rin29|Hal 9| =H

(29
and alsofor n =3:

|cr((or)2 —15)Hal (cr) +3(5 = 2(cr)>? )rin(cr)| .

3
[er

(B +5Hal (26)|rin’6 =H". (30)

2) TE-wave, "core" isabsent.
The equation defining magnetic lines of forcefor n =1:

rin(cr)+mrin29 =H": (31)
cr
for n=2:
((cr)? =3)Hal (cr) = 3crrin(cr) )
| 3 |rin29|Hal 9| =H ;
(cr)
(32
for n =3:

‘3(2(01*)2 —5)Hal(cr) +cr((cr)’ —15)r in(cr)‘ .

o
OB +5Hal (20)|rin’6 = H". (33)

It is necessary to note that at change mode fields E and H
are interchanged the position, i.e. the equations of magnetic
lines of force for E-mode become the equations of electrical
lines of force for H-mode at each concrete value # . Lines of
force of electrical field for TE-mode and also magnetic lines
of force for TH-mode are concentric circles situated in planes
which are parallel equatoria. Thus, the obtained equations of
lines of force make possible visualisation of a set of lines of
force of thesefields.

According to results of numerical solving of these equations, the
construction of pictures of lines of force reflecting structure of
fields of standing spherical electromagnetic waves at presence of
"core" at the centre and without it, for different values », is
carried out. In fig.1(a) in the right half-plane the set of lines of
force is represented as curls, which are magnetic for TE-mode
and electrical for TH-mode for case of presence of "core" at the
centre and n=1. The curves of dependence of normalised
amplitudes of components of standing TE- and TH-wave from
normalised coordinate cr at constant value 0 is represented in
the left half-plane. From this graph follows, that the amplitudes
of fields accept final values at the centre. The similar picture is
submitted in fig.1(b) for a case, when there is no "core" at the
centre. From this picture follows that the amplitudes of oscillat-
ing fields in an approximation to the centre essentially grow and
asymptotically aspire to infinity at the centre. This situation was
excluded in works of other authors because it ostensibly has not
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physical sense. The given representation allows to consider
it as objective redlity.

Cases with the "core" at the centre of coordinate
systemfor n =2 and n =3 isrepresented in the figs.
2(a) and 3(a) accordingly. The situations, when at the
centre the "core" is absent for n=2 and n=3, are
submitted also in figs.2(b) and 3(b) accordingly.

Let's note, that owing to a symmetry on azimuth
coordinate ¢ , the pictures of lines of force are sym-
metric for areas 0<O@ <7 and 7T>60 >271T. For
cases n > 1, thereis the separation of curls on the lati-
tude according to avaue n .

TH-mode

| -ka=2,74 Il - ka=4,49
Il - ka=6,12 IV - ka=7,72
\
-8 1

TE-mode TH-mode
| - ka=2,80 Il - ka=4,48 Y
Il - ka=6,12 IV -ka=7,72 )
Sy
>
-7 4
(b)

Fig.1. The pictures of fields in meridian cut for n = 1;
(a) shows the standing wave in case of presence of
conducting point "core" at centre; (b) —the samein case

of absence "core" at centre. Here A - E¢ or E¢ B -
E oE,;C-EgorEy.
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Fig.3. The similar pictures of fields for n=3.

4. SPHERICAL RESONATORS WITH A ROTA-
TIONAL SYMMETRY OF MODES

The concept of "an electrical wall ", accepted in an
electrodynamics, allows to proceed to the analysis of
spherical resonators with a rotational symmetry of
modes. Let's volumetric resonators formed by conduct-
ing spheres, enveloping a concavity of the resonator at
presence of "core" at the centre or without it. On a sur-
face of the resonator the Leontovich’s boundary condi-
tion should be fulfilled:

Ht -wave Hy2B{ =1, (34
E=r

1 T -wave T 208 =1, (35)

e ITEka=—=2, ITEka . .
[ #=19612EX—TH=96EBH- where r - radius of resonator. Further, according to
v 1 77H=4968ZE0==4=496)aKm this condition, the dispersing equations for TE- and
TH-modes are obtained. The own values, which are
(b) solutions of the appropriate dispersing equations, and

snet Ec at Tler yeaolegt EE snet mdt fal t Hi t Tre.1 gt ETt snet
resonators with "core" and without it are calculated for
different values i .They are shown at figures.

5. CONCLUSION

In this paper, the standing axisymmetric spherical
electromagnetic waves are analysed as waves, travel-
ling to centre, passing through it or reflecting from
conducting point "core" at centre. The analysis is based
on the analytical expressions what were earlier derived
by authors with help of exact solutions of Maxwell
uniform equations in spherical coordinates. These solu-
tions are not commonly known but theirs validity is
clearness from presented here field pictures. The pecu-
liarity of the field behaviour near the centre in case of
absence of conducting "core" at centre is unconditional

x4 e ITEka===2EITEka novelty.
HA96HKB 1 =THAI6TAVE

— TTR=496VB- 0=NV=4=4960n#08
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